We consider the singular boundary value problem
Introduction
In this paper, we are concerned with the following problem: where Ω is a bounded domain in R N (N 3) with smooth boundary ∂Ω such that 0 ∈ Ω. µ > 0 is a parameter, 0 < γ < 1, 0 a < N−p p , 1 < p < N, a b < a + 1, and p * := p * (a, b) = Np N−(1+a−b)p is the critical Hardy-Sobolev exponent. Throughout our paper, we assume that h ∈ C(Ω) and h(x) > 0.
Let W 1,p a (Ω) be the completion of C ∞ 0 (Ω) with respect to the norm u a , where
In recent years, considerable attention has been attracted to quasilinear elliptic problems [1, 2, 8-10, 12-17, 25] . In [13] , Ghoussoub Np N−p . We would like to mention the results of [11, 18, 26] , which motivated us to discuss (1.1). In [11] , Deng and Huang considered the following quasilinear elliptic equation 
where Ω ⊂ R N is a bounded domain with smooth boundary, 0 ∈ Ω, N 3, λ > 0, 1 < p < N,
. He investigated the extremal functions and gave some estimates. We should point out that Xuan [26] has provided some properties of eigenvalues of the following quasilinear problem
where Ω ⊂ R N is an open bounded domain with C 1 boundary, 0 ∈ Ω, 1 < p < N, 0 a < N−p p , and c > 0.
On the other hand, Giacomoni et al. [14] established the multiplicity result of (1.1) when h(x) ≡ λ, a = b = 0, and µ ≡ 1 by critical point theory and a lower-upper solution method. Moreover, Loc and Schmitt [19] studied the following singular problem:
where p > 1, g(u) is a singular term, a ∈ L ∞ (Ω), λ is a parameter and h(u) is a continuous function. They constructed lower-upper solutions to show the problem (1.3) has one weak solution in W 1,p 0 (Ω). We note that when p = 2, the multiplicity of positive solutions for problem (1.1) has been considered by Sun and Wu [22] , Sun and Li [21] , and Chen and Chen [6, 7] .
In this paper, we will establish some existence and multiplicity theorems for (1.1) when µ ∈ (0, µ * ) for some µ * > 0 and give the lower bounds for µ * = µ * (Ω, γ, p * , h(x)) > 0. 
Preliminaries
The infimum can be achieved by the function U * (x), where U * is the radially symmetric ground state of the following limiting problem
The functional associated to (1.1) is
We introduce the constraint set
, where t(u) are the zeros of the following map
In order to obtain our results, split N µ into the following three parts
Lemma 2.1. Assume that µ ∈ (0, T ), where
Proof.
(
We can deduce that ϕ (t, u) > 0 when 0 < t < t max,u and ϕ (t, u) < 0 when t > t max,u . Furthermore, we have
Therefore,
We can see that
So for µ ∈ (0, T ), we have that E(µ) > 0. Thus, ϕ(t, u) has exactly two zeros 0
By (2.1), we obtain that
and
Hence, for µ ∈ (0, T ) and u * ∈ W 1,p a (Ω)\{0}, it follows from (2.2) and (2.3) that
this is a contradiction. Therefore, t(u * )u * = 0.
Lemma 2.2. Assume that µ ∈ (0, T ), then N µ has the following properties
where
From (2.2), we deduce that
In the following, we show that µ = T ⇔ A(µ) = A 0 .
In fact Proof. For every v ∈ N µ , we deduce from (2.2) that
Therefore, I µ is coercive and bounded below in N µ . By Lemma 2.3, we have that N + µ ∪ {0} and N − µ are two closed sets in W 1,p a (Ω) when µ ∈ (0, T ). In terms of Ekeland's variational principle [3] , we can find a sequence
We may assume v n 0 on Ω\{0}. Since I µ is bounded below in N µ , by above property (i), we know that
Going if necessary to a subsequence,
Let v n = v 0 + w n with w n 0 weakly in W 1,p a (Ω). For every v ∈ N + µ , it follows from p > 1 that
For n sufficiently large and a suitable positive constant C 1 , we have
Let φ ∈ W 1,p 0 (Ω) with φ 0. By Lemma 2.4, we can find a continuous function f n (t) satisfying f n (0) = 1 and
so we have that
Dividing by t > 0 and letting t → 0, we conclude that
It follows from (3.1) and (3.2) that f n (0) = +∞. Now we show that f n (0) = −∞. If no, we assume that f n (0) = −∞. Since
and f n (t) > f n (0) = 1 for n sufficiently large, using condition (ii) with v = 1 f n (t) (v n + tφ) ∈ N + µ , we obtain that
Dividing by t > 0, and letting t → 0, we know that
which contradicts with f n (0) = −∞ and
In conclusion, |f n (0)| < +∞. It follows from (3.1), (3.2) and (3.4) that |f n (0)| C 3 for n sufficiently large and a suitable positive constant C 3 . Now, by (3.3) and condition (ii), we get
Dividing by t > 0, and passing to the limit as t → 0 + , we get
which yields, lim inf
Applying Fatou's Lemma, we have (|x| −b ) p * (v n ) p * −1 φdx + |f n (0)| v n a + φ a n .
(3.5)
We take φ = e 1 as a test-function in (3.5), we know that v n (t) > 0 a.e. in Ω, then 
